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ABSTRACT

All cost estimates are characterized by some uncer-
tainty. A device helpful in communicating this uncertain-
ty to the decision maker is a subjective probability
distribution of the system cost. A technique--termed the
Subjective Probability Estimation Technique (SPET)-~is de-
scribed and a computer program is presented to facilitate
its use. This technique permits the analyst to represent

his notions about cost uncertainty with the beta or other
statistical distributions.
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Those familiar with the literature on uncertainty in
cost analysis will recognize a basic similarity between
the technique deiﬁribed in this paper and the one expound-
ed by Dienemann.Z2/ This paper is a refinement and expan-
sion of certain elements of his earlier research.

1/ See J. T. Kammenen, ASW Fonce Level Study - Equipment

Readiness: Models, Compufen Simulafion and Resulfis

({Washington, 0C: Off4ce of the Chiegf of Naval Opera-
tions, 1968),

2/ Paul F. Dienemann, Estimating Uncertainty Using Monte

Canlo Techniques (Sanfa Monica, CA: The RAND Conp.,
pn:zfyirpg—‘?yzz).
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INTRODUCTION

The cost analyst is faced with many uncertainties as
he attempts to estimate the costs associated with a new,
undeveloped system. He may wonder:

(1) WwWill the physical characteristics of the system re-~
main unchanged as the development process proceeds?
(2) Will there be any unforeseen problems in the develop-
i ment process? .
(3) Will the economic state of the firms or industry re-
sponsible for system development and production con-
- tinue to change as forecasted?

(4) 1Is the quality of the historical cost data suffi-
ciently high to inspire confidence in the estimates
made with it? Cee e : : .

(5) Bave the cost-estimating relationships been properly
specified?

To the extent the analyst is unable to cbtain complete an-
swers to these and similar questions, his cost estimates
will be enshrovded wich uncertainty., Since it is imposei-
ble to obtain definitive answers to all these questions,
his cost estimates will always be characterized by some
uncertainty.

The analyst can treat this uncertainty in one of sev-
eral ways. He can choose to ignore it and simply report
to the decision maker the estimate which represents the
"most iikely” or "best" estimate of cost, as in the case
of this hypothetical guided missile system:

FIGURE 1

"BEST" UNIT COST ESTIMATE OF A HYPOTHETICAL
GUIDED MISSILE SYSTEM

COST
P B—
$100K

This approach, however, belies the existence of a range of
possible costs; when the system is finally acquired, any
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one of the innumerable costs within this range may have
been realized. Such an oversimplification may mislead the
decision maker by causing him to place excessive confi-
dence in the best cost estimate. An illustration of this
potential pitfall is provided in the following example:

Suppose two alternative systems that do the same
task are being compared. Suppose, too, that on bal-
ance, the differences in effectiveness, performance,
growth potential, maintainability and similar consid-
erations between the two systems are small, so that
the choice is primarily one of cost. Suppose one
system is estimated to cost $1.25 million and the
other $1.50 million. Without an indication of the
possible high and low values, the $1.25 million
alternative would be the logical choice. But the
choice becomes more difficult if, as shown in the
accompanying tabulation, the $1.25 million cost is
gualified with an estimate of a possible high value
of $2.00 million, whereas for the other alternative
the limits are estimated to be tighter, and the pos-
sible high value is only $1.60 million. The case for

Cost Estimate

System ‘ e - (Millions of Dollars)
P — e P — . .. R Most . -
) "~ "~ Lowest Likely - Highest
First Alternative 1.00 1.25 2.00
Second Alternative ©1.40 - 1.50 1.60

the alternative with the "most likely"” cost of $1.25
million is now more dubious, because its uncertainty
spread is greater, extending on the high end to
greater costs than the other alternative.3/

The analyst can avoid the problem associated with a
single best cost estimate by supplying the decision maker

with estimates of the lowest and highest possible costs in
addition to the best estimates:

-

3/ W. Suthenland, Fundamentals of Cost Uncertainty Analy-

448 [Mclean, VA: Reseanch Analysis Corp., RAC-CR-4
m,,' pp 3-40
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This approach has merit in that it reflects the range of
the cost uncertainty. However, it gives little informa-
tion about the nature of the uncertainty, e.g., whether
all the values in the range are almost equally likely to

. occur, or whether the values closer to the best estimate
are much more likely to occur than those near the extremi-

ties. “Such knowledge could be valuable to the decision
maker. )

One device helpful in communicating knowledge of both
the range and nature of the uncertainty is the probability
distribution of the total system cost. To illustrate,
consider a probability distribution of the cost of the hy-
pothetical guided missile system:

FIGURE 3

PROBABILITY DISTRIBUTION OF THE UNIT COST
OF A HYPOTHETICAL GUIDED MISSILE SYSTEM

COST
~3180K

Note that the range of, say, a 95 percent confidence in-
terval [$80K, $140K] is significantly smaller than the
full range [$60K, $180K]. The knowledge that the analyst
is 95 percent confident that the cost will occur in the

. much smaller interval [$80K, $1420K] will permit the deci-
sion maker to act with a more precise idea of the probable
cost of the system than he could otherwise (providing, of
course, that he trusts the analyst's judgement).

A popular source for the probability distribution of
the cost of a weapon system is the prediction interval ob-
: tained from cost-estimating relationships (CERs) developed
I by-regression analysis. Unfortunately, this method of
probability analysis has a serious limitation: there is
no provision for the analyst to incorporate into the anal-
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ysis his notions about the stochastic behavior of the sys- ’
tem cost. For example, most cost analysts have a good ‘
idea of the lower bound on the cost, but are less certain

about the upper bound. This suggests a probability dis- ,
tribution that is positively skewed:

N FIGURE 4

POSITIVELY SKEWED PROBABILITY DISTRIBUTION

COST

$60K  S$100K $240K

‘ The user of the prediction interval obtained from classi- !

' cal regression analysis, however, has to accept a s et- §t

, ric probability distribution -- the normal probability T
; distribution -~ often against his better judgement:

FIGURE 5 !

SYMMETRIC PROBABILITY DISTRIBUTION o

$60K $100K $140K

In addition to this limitation, the paucity (and variabil-
ity) of data used in regression analysis of weapon system
costs often results in prediction intervals with lower

bounds which include an extensive region of negative
costs:

i

FIGURE 6

) PREDICTION INTERVAL ABOUT A
HYPOTHETICAL REGRESSION OF COST ON WEIGHT

cos
+ 4

E____—,,//////
? Lo ,/”/////’/”"”’
. ",,”,,—"'_—_-_; WEIGHT
; REGION OF
NEGATIVE COSTS .
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The fact that this model predicts the impossible -- nega-
tive costs -- again reveals the above-stated limitation of-
this approach to probability analysis. What the analyst
needs is a technique that will permit him to retain the
"most-likely" estimate of system cost and incorporate his
a priori beliefs into the prediction interval.

This paper describes such a technique. The authors
have entitled it the Subjective Probability Estimation
Technique (SPET). This technique is based on the same
principles used by Program Evaluation Review Technique
(PERT) ayalysts years ago to treat time~estimating uncer-
tainty.i As its name suggests, SPET accounts for the
fact that the probability distribution of the cost of a
new system is by necessity subjective since repeated ob-
servations on the cost of the system, from which an objec-
tive probability distribution could be inferred, cannot be
made (there is only one observation on the cost of a new
system -- the final acquisition cost of the system -- and
when this observation is made the need for an estimate
terminates). The analyst implements SPET in three steps
by:

(1) decomposing the system under examination into
several subsystems whose costs are additive;

(2) selecting the subjective probability distribu-
tion that best represents his knowledge and judgement
about the cost of a subsystem;

(3) cocmbining the subjective probability distribu-
tion of each subsystem cost into a subjective probability
distribution of total system cost.

The remainder of this paper discusses the theoretical and
practical aspects of these three steps.
i

SYSTEM DECOMPOSITION

When a cost analyst estimates the cost of a complex
system he generally breaks the system down into several

4/ F. S, Hillien and G, J. Lieberman, Introduction Lo Op-
erations Research (San Francisco, CA: HoZden-Day,
Inec. 1967), pp. 227 229-232. See also K. R. MacCrimmon
and C. A, Ryavec, An Analytical Study of the PERT As-
sdum téonb (Santa Mondica, CA: The RANU Corp. RM-3408-
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subsystems and estimates the cost of each subsystem. The
breakdown of the system is usually determined by the ana-
lyst's knowledge of the system and the form of his data
base. Using the technique described in this paper, the
analyst will also develop a subjective probability distri-
bution describing his uncertainty as to the cost of these
subsystems. Of course, if some subsystem cost is known
precisely, no uncertainty is 1nvolved and this cost is

- treated as a constant.

SELECTING THE SUBJECTIVE PROBABILITY DISTRIBUTION

A probability distribution can be selected to repre-
sent any imaginable combination of factual knowledge and
subjective notions an analyst might have about the cost of
a subsystem. For example, suppose the analyst has a good
idea of what the lowest and highest possible costs for a
subsystem could be, but he feels that all costs within
that range are equally likely. His subjective probability
distribution for the cost of this subsystem can be repre-
sented quite adequately with the uniform probability den-~
sity function:

FIGURE 7
UNIFORM PROBABILITY DENSITY FUNCTION
COsT
Lowest Highest

Suppose that instead of feeling that all costs within
the range are equally likely the analyst feels that a par-
ticular cost within the range is more likely to be real-
ized than any other. He could represent the cost with a
triangular distribution:

FIGURE 8

TRIANGULAR PROBABILITY DISTRIBUTION

COosT

Lowest Most:Likely Highest
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or the beta distribution:
FIGURE 9

BETA PROBABILITY DISTRIBUTION

COST

Lowest Most Likely Highest
or any other distribution with a single maximum value.

The beta distribution is one of the most popular
among cost analysts for representing subjective probabil-
ity distributions. The popularity of the beta is due to
its several appealing characteristics. One of these char-
acteristics 1is that its range may be restricted to posi-
tive values; costs similarly are positive. Another is
that the beta has a finite, rather than infinite range; ic
is reasonable to suppose that the cost is bounded by fi-
nite upper and lower bounds. Finally, the beta distribu-
tion can be expressed in an infinite variety of skewed and
syrmetric forms which provide the analyst considerable
choice when specifying the particular shape of the distri-
bution. 3

Because of the popularity of the beta distribution,
the discussion in the remainder of this section will cen-
ter on it. In the next section, however, a computer pro-
gram is described that permits the analyst to use any im-
aginable subjective probability distribution to represent
subsystem cost.

5/ Another commonly used distribuiior. L8 the Weibule.

T Mosi o0f the appealing propenties of the beta are also
found in the Welbull distrnibution. For examples of
the use of the Weibull in trneating uncentainty in cost
analysis see D. F, Schaefer, et. al., A Monte Carko
Simulation Approach to Cost-Uncertainty Analysis,
{MeLlean, VA: Reéeanch Anafys«<s Conp.; RAC-TP-349,
1969) and W. H. Sutherland, A Method for Combining
Asymmetric Three-Value Predictions of Time on Cosd
}gdgian, VA:  Keseanch Analysss Conrp.; RAC-P-65,

7 .
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ijii; The usual expression for the beta probability density ;
?%ﬂt‘ function (pdf) is:6/ ) ) 1
:; f(x) = Cxa(l - x)b; 0 < x < 1; a,b-> 0; (1)

where C = T(a + b + 2)/[T(a + 1)T(b + 1))

o
- ' ~ , l R
_= the inverse of the complete beta function

and T(t) = ;7 zt-le-2zdz, t > 0.
= . .

This version of the beta pdf will be called the normalized
beta pdf, since the range of x is the unit interval.

A simple linear transformation, x* = L + (H - L)x,
where L and H are the lowest and highest values of x*, re-
spectively, extends the range of x in equation [1l] to any
finite interval, yielding a generalized beta pdf:

g(x*) = [Cc/(H - L)atbtly(x* _ 1)@y - x*)b (21

- . ew

" » - Pedid - . '.-‘_' r '_.__1
w1l is as dcfined in cguation {1l] and L < x* < H,

wIine
. a,b

The four garameters of the generalized beta pdf are a, b,
L, and H.!/ Therefore, a unique pdf is defined for every
four-tuple (a,b,L,H). The values the analyst assigns to

_these parameters can be obtained through certain estima-

tion procedures.

The analyst may estimate L and H directly from his
-and other expert knowledge of the subsystem's technology,
contractor . (builder), industry, etc. After analyzing

: 6/ H. J. Larnson, Introduction to Probabifity Theory and

; T Statistical Infenence [New Yornk: John Wiley and Sons,

- Tne., T1969), p. 305; B. W, Lindgnren, Statistical Theo-
ay (New Vork: The MacMillian Co., 19BET, p. 373.

-, =

1/ Note that L and H serve only to specify the origin and
N " nange of x*, wherecas a and b deteamine the shape of §
o the pd§ of x*. !
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these data, he chooses L and H so that the cost of the
subsystem could never be less than L or greater than H.

Estimates of the parameters a and b, however, cannot
be obtained in a direct manner. One way to estimate them
is to obtain two functionally independent equations in a
and b and then solve them for these parameters. In Appen-
dix A, two such equations are proposed and a computer pro-
gram facilitating their solution is documented. Potential
users of this method for estimating a and b are cautioned;
some combinations of the analyst-supplied inputs result in
distributions that cannot be represented by a beta random
variable., This problem can be avoided by using another
pair of equations. Consider the mode M(x*) and the vari-
ance V(x*) of the generalized beta distribution:8/

17

(aH +.bL)/(a + b), L £ M(x*)

-

[ta+ 1)/ + 1) (H -~ L)2}/[a + b + 2)2

M(x*)

H [3)

V(x*)

]

(a +b+ 3)1, 0 2 V(x*) £ (H - L)2/12 (4]

Using cost-estimating relationships or other methods,
the analyst can estimate the mode or most likely value of
the subsystem cost.3/ By evaluating much of the informa-
tion he has about the subsystem cost he can estimate its

&/ See Footnote 2 4in Appendix A for the derivation of
these formulae.

The nrange of the mode {s obtained from its definition.
The nange of the vandiance is due, in part, to the fact
that the Lowen bound on the variance of any distribu-
tion L& zeno, and, in part, to the fact that the beta
aistribution converges fo the uniform as parametens a
and b approach zero. The upper bound on the variance
of the generalized beta distrnibution is, thenrefonre,
the vardiance of the (generalized) uniform distnibu-
tion, namely

Vix*) = (H - L)2/i2 [5]

9/ Under most circumstances the most-Likely value is the

analyst's point estimate of the subsystem cost.
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variance.l9/ Having obtained estimates for these two sta-
tistics, he can solve equations [3] and [4] simultaneously
to determine unique values (estimates) for a and b.

The principal difficulty with the technique proposed
is in the estimation of the variance. It is difficult for
the analyst to interpret his beliefs concerning the uncer-
tainty surrounding a point estimate in terms of the beta
variance. As an aid in this process, the analyst may con-
sider a related variable, which is termed an uncertainty
coefficient in this paper. The uncertainty coefficient
represented with the letter "U" is a normed linear measure
of the analyst's uncertainty. If there is no uncertainty
in the estimate, U = 0; if there is total uncertainty on
the whole range (i.e., all values are equally likely), U =
l. In most instances, the analyst can assign a reasonable
value to U. The variance of x* can then be determined
from the relationship:

V(x*) = [(H - L)U]J%/12, 0 < U < 1. (6]

It is difficult for the analyst to visualize the dis-
tribution he has chosen from his estimates of the parame-
ters. However, since the shape of the beta distribution
is determined by two of the parameters (a and b) which are
in turn determined by the values of the mode and the un-
certainty coeificient, it is possible to get a reasonable

10/ 1t has been proposed that the analyst assume that the

T nange of the cost vardiable is equal to six standard
deviations, yielding V{(x*) = [(H - L)/6)Z. The basis
gor this assumption 48 tha’Z "most" of the probability
associated with distributions such as the normal dis-
Inibution is contained in the interval * 3 standarnd
deviations from the mean. The authons of this papen
do not §ind this to be a veny strong motivation. The
Zotal nange of the uniform pdf is contained in an ir-
Lenval of + 1,75 standard deviations and this distri-
bution 48 a Limiting form of the beta distribution.
Funthen, the significance of the behavior of infin-
ite, symmetnic distrnibutions such as the normal pd{
in dendiving propenties of the (genenally) {inite,
asymmetric beta distrnibution Lis questionable. 12
seems more Logical to allow the analyst to input his
knowtedge 0§ the uncertainty via the unceatainty co-
efficient. However, {if the usen prefers this device
he shoutd input the value U = 0.577 when using pro-
gham SPET.
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idea of the distributional form from a set of normalized
graphs of beta pdfs with different modes and uncertainty
coefficients. Such a set appears in Appendix B.

Appendix B contains ten groups of graphs of normal-
ized beta pdfs. Each group contains graphs of three pdfs
with the same mode but distinct uncertainty coefficients.
The modal values vary from set to set, beginning with .05
and increasing by .05 until .50 when reading the abscissa
from left to right, or beginning with .95 and decreasing
by .05 until .50 when reading from right to left. To use
Appendix B, the analyst computes the estimated normalized
mode (N) from his estimates of L, H, and M with the rela-
tionship -

N= (M~-L)/(H - L) (7]

and then selects the group of pdfs whose normalized mode
is closest to this computed N. From the three graphs in
this subset the analyst can see how the pdf varies with
the uncertainty coefficient and get a reasonable idea of
the shape of the distribution he has chosen. Alternative-
ly, he may look at the set before choosing the uncertainty
coefficient and use the information he gains to help him
seiect the value for U.

Example

Assume an analyst is studying the cost of some sub-
system "S". By analogy with other systems, or by some
other technique, he determines that the cost of S will be
something greater than $7,000 but less than $12,000. Fu-:-
ther, utilizing a CER, or by some other technique, he es-
timates its most likely value at $10,500. He calculates
the normalized mode "N" from the equation:

M -1 _ 10,500 - 7,000 _
N =g -1 = 12,500 = 7,000 - -4

The set of graphs corresponding to this system is found
between pages B-19 and B-2l1. These graphs are read from
right to left. .

After the analyst has developed the distributions of
each subsystem he faces the problem of determining the
distribution of their sum (the total cost of the system).

11
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COMBINING SUBJECTIVE PROBABILITY DISTRIBUTIONS

Of the several techniques that have been employed by
cost analysts to combine statistical distributions repre-~
senting their subjective probability distributions, two of
the more popular are derivation of momentsll/ and Monte
Carlo simulation.l2/ Each of these techniques has its ad-
vantages: the former can be done with tables and a desk
calculator, whereas the latter requires access to an elec-
tronic computer. The latter, however, is much faster and
easier to use. For this reason Monte Carlo simulation is
the technique employed in this research. Appendix C docu-
ments Program SPET, a computer program for adding indepen-~
dent statistical distributions by means of Monte Carlo
simulation (SPET also performs other calculations dis-
cussed in the next section).

Program SPET has bheen used successfully on an inter-
active time-sharing computer system. Basically the user
enters the parameters of the statistical distributions se-
lected by the analyst and the program generates frequency
distributions and summary statistics of the total system
cost. Details and an example of the inputs, outputs, and
operation of the program can be found in Appendix C.

THE IMDEPENDENCE ASSUMPTION: A PROBLEM

When the analyst decomposes the system he is costiny
into several subsystems, it is very unlikely that the
costs of the various subsystems are always statistically
independent of one another. For example, the cost of the
propulsion system of a guided missile is probably corre-
lated with the cost of its payload. The correlation would
be positive if an increase in payload cost was due to an
increase in payload size which, in turn, would require a
more powerful and hence more costly propulsion system. On
the other hand, the correlation would be negative if an
increase in payload cost was due to a reduction in payload

1/ See S. Sobel, A Computerized Technique to Express Un-

T centainty in Advanced Sysfem Cost Esiimafed [Bedfond,
MA: The Mifne Conp., TM-3728, T963), and W. H. Suth-
enland, A Method fon Combining Asymmetnric Three-Value

Predictions of Time or CosX [Mclean, VA: Reseanrch
Analysis Conp., RAC-P-65, 1972).

12/ PltF. Dienemann, op. cit, and D. F. Schoefer, op.
C . ’ .
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size brought about by miniaturization which, in turn,
would require a less powerful and hence less costly pro-
pulsion system. It is impossible to determine a priori
whether the correlation between the costs of any two sub-
systems is positive or negative, but the experience of the
authors suggests that in the majority of cases it will be
positive.

- If an analyst assumes that the statistical distribu-~
tions (random variables) representing subsystem costs are
independent when in fact they are positively correlated,
he will underestimate the variance of their sum. To see
this, consider the expression for the sum (S) of the vari-
ance of n random variables (X3):

P n-1 n
v(s) = zV(x ) +2I I CoviXy, X3) (8]
i=1 i=1 j=i+l )

The assumption of 1ndependence implies that Cov(X;, Xj3) =
0 for all i#j, which in turn implies that the expression

n-1n
2L I Cov(xi,xj) = 0.
i=1 j=i

IE“EEé’Xi are dependent, thic term could ke positive, neg-
ative, or zero. If it is p051t1ve, its deletion from {8]
by assuming independence results in an understatement of
V(S). An understatement of V(S) could be a serious prob-
lem because it results in a confidence interval about the
mean of the total system cost distribution that is smaller
than it should be. This might cause the decision maker to
posit unwarranted confidence in the estimate.

Assuming the random variables representing subsystem
costs are positively correlated, the magnitude of the un-
derestimate of V(S) is directly related to the number of
variables in the sum. To illustrate this fact, consider
the fol.iowing example:

There are two positively correlated random variables,
Xj and X5. Then

V(8) = V(X3) + V(X3) + 2Cov(X1,X3) [9)

Now assume x1 = 21 + 23. Then

13
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. | TTVIS) = V(Z)) + V(Z,) + VIX,) + 2 Cov(z,,3,) +

s R 2 Cov(z1,X2) + 2 Cov(22,X2) -

= V(Z;) + V(Z;) + V(X3) + 2 Cov(Xl,Xz) + )
- 2 Cov(2;,23) [10) N

Assuming independence in the case of two variables
--“+ results in the deletion of 2 Cov(Xjy,X2) from V(S).
- - However, in the case of three variables the assump- f
-tion of independence results in the deletion of not
-~ only 2 Cov(xl X7) but 2 Cov(zl,x ) as well., Clearly,
- if the covarlances are positive, V(S) is understated
more in the case of three variables than in the case
of two.

Therefore in the case where the random variables repre- S
senting subsystem costs are positively correlated not only .
is the variance of the total system cost underestimated,
but the magnitude of the underestimate is directly related
to the number of variables making up the sum.

The obvious solution to this problem is to incorpo-
rate into computer Program SPET provisions for the consid~ .
eration of probable correlation among the variables and ¢
ithen proceed to estimate the nature of the correlation.
Althouga the former idea presents no problem, the latter
appears to be a most difficult task. - It is not clear at !
this point how to systematically estimate the correlation
among the variables representing subsystem costs. Hope-
fully a credible technique for doing such will become ap-
parent to someone.

Program SPET has been designed to provide some in-
sight into the significance of the independence assumption
in two ways. First, by using the same random number in
sampling from all the subsystem distributions, a distribu-
tion of total cost which the printout titles "Dependent
Beta" is dewvived. The technique imposes a functional re-
lationship between all the variables. Note that this
functional relationship is not an arbitrary relationship
but is imposed by the forms of the subsystem pdfs devel-
oped by the analyst. Specifically, if Fj(Xj) is the cumu-
lative distribution function of the ith subsystem then:

- LR O e PP

i : £ lir, ( )
o I X = X, + I F,.”1[F,(X,)] [11
oy 3 17 o, i
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where Fi'l is the functional inverse of Fj. The functions
Fi and Fij-1 are much too complex to derive the specific
form of the relationship imposed but the technique does
impose a very real positive correlation between the varia-

.bles.

As a second means of examining uncertainty without
imposing the independence assumption, SPET prints the sta-
tistics for a uniform distribution of total cost on the
interval between the sum of the minimum costs of the sub-
systems and the sum of the maximum cost of the subsystems.
This is meant to serve as a "worst case." SPET also
prints the total cost distribution assuming each of the
subsystem's costs is uniformly and independently distrib-~
uted.

SUMMARY

Several conceptual points have been discussed, among
them:

(1) the nature of uncertainty in cost analysis:;

(2) the value of treating uncertainty explicity in cost
analysis;

(3) a »roblem inherent in using the classical linear re-
gression model as a basis for statements on cost un~
certainty;

(4) the subjective nature of cost uncertainty:;

(5) the properties of the beta distribution and how they
can be used to facilitate cost uncertainty analysis;
and

(6) the dependence of subsystem costs and its impact on
statements about uncertainty.

The basic practical contribution of this paper is a
computer program for generating statements on cost uncer-
tainty that permits the analyst to input any imaginable
probability distribution to represent a subsystem cost.

15
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ESTIMATION OF PARAMETERS a AND b:

COMPUTER PROGRAM PARAM
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Introduction

One way an analyst can estimate parameters a and b_of
the generalized beta probability density function (pdf)l/
is to simultaneously solve two functionally independent
equations in a and b. Consider the mode -- the "most
likely" value -- of the generalized beta pdf:

M(x*) = (aH + bL)/(a + b)%/ (a1}

Using a cost-estimating relationship, or other methods,
the analyst can estimate the mode (M) of the subsystem
cost he wants to represent with a beta pdf. Substitution
of M into equation [Al], along with L and H, yields one
eguation in a and b:

M'= (aH + bL)/(a + b) (A7)

Another equation in a and b can be obtained from an
estimate of the probability (P) that the cost of the sub-

1/ Sece equation [2) on page 8.

2/ This expression can be obtained by solving dlglx*)]/
dx* = 0 for x*, where glx*) i& gdven by ecguaticn [2],
Howeven, 4t 4is easien 2o obiain expressions fon the

mode as welf as the mean, E{x*), and the variance,
Vix*), of the generalized beta pdf by means of simple
algebraic opernations on the expressions for these sia-
2istics denived from Lthe more familiar normalized beta
pd§. The mode, mean, and variance of the normalized
beta pdf are:

M{x) = a/{la + b) (A2]
Elx) = (a + 1)/la + b + 2) {a3)
Vix) = [la+ 3)(b + 1))/Tla + b + 2)2(a + b + 3)] [A4)
Note that M{x) = a/{a + b) = M[(x* - L})/(H - L)} =

[M{x*) - L)/IH - L); so0lving for M(x*) yields equation
[Al). Proceeding similarly for E(x*) and V{x*) yields

E(x*) = {aHH + bL + H + L)/la + b + 2) [A5)
V(x®) = [{a+ 1)(b+ 1}(H - )21/ [{a+ b+ 2)2(a+ b+
3)) , [a6)

[

e e . e e e 2




'
'

fﬁéii”
o) ol
. L

: ¢ | ¢

system will lie within a subinterval of its range [L, H].

" For convenience, this subinterval is taken as the interval

from L to the midpoint between L and M, i.e., [(L + M)/2].
Then an equation in a and b results from the relationship

L+M

P=[c/(H -~ )2y 27 (ha L pya (g - x9)P ax* (28]
L

where C, x, a, and b are defined in equation [2].

Equations [A7] and [A8] comprise two functionally in-

dependent equations in a and b, and when solved simultane-

ously determine unique values (estimates) for a and b.

Program Description

Program PARAM is written in FORTRAN IV for use in
conjunction with a PDP-10 computer in an interactive time-
sharing mode. It is designed to solve equations [A7) and
[A8) for parameters a and b, given values for L, H, M, and
P. This is accomplished in the following sequence:

1l - The inputs L, H, and M are normalized. Denotina

the normalized counterparts of L, H;, an® M hy 2, h; and m,
respectively,

1=20

h=1

m=(M-1L)/(H - L)

2 - A standard root-finding techniqueé/ is employed
in Subroutine Beta to find the \alues for a and b that
satisfy - '

m/2
P=CJ x2(1 - x)b ax [a9)
1]

where P is supplied by the user, m is determined from a
user supplied datum (M), and C, x, a, and b are as defined
in equation {2]. Note that [A9]) is the normalized version
of [a8}].

3/ The nroot-finding technique is known as the "false po-
sition" method and is found in most texts on numerical
analysis.
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Subroutine Beta calls Function Subprogram Gamma to
compute values for T'(n). This is accomplished by use of
the relation

I'(n+l) = nl'(n) [Al10]
and an interpolation procedure.

By repeated application of [Al10], T(n) for any n>0
can be expressed as the product

(n - 1)(n -~ 2)...T(n*) [Aa11]
where 1 £ n* £ 2. since I'(n) is well-behaved in the range

1 £ n* £ 2, the values of I'(n*) can be approximated using
a "table look-up" interpolation procedure. Function Sub-
prograni Gamma uses such an interpolation device in con-
junction with relation [All] to evaluate T (n).

3 - The four-tuple (a,b,L,H) is printed as output.

User Instructions

The following example demonstrates the use of Program
PARAM., Note that the user supplied portions of the exam-

MR
Dle are underiincd:

otJ N PAI‘(AM

- Cbrln"f‘\rcb Ur L'H."‘l’p

ALrhA IS 107
3LIA I le2d
L 1> 8efJ.£0
dlon Is 14¢o.92

l
ol uNll> 2

FEYY)
i

- - - v —— . -t
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Program Listing

ges i
"Jed29
3 34
a4l
s>
pe36D
20370
20330
Pes9d
1% 2%
2051
©eY22
28930
742
2059
20v69
ACV70
PCY8d
gayvad
2D
oiold
31L29
J1230
41449
1954
J1)60
41370
21482
1290
21102
21112

I20

21'3p
21142
21152
21162
CARNY
o180
411%0

220

59
64

+4 4

16
22
42

32
62

52
12

8

_fA;BB

PP=¢.

NMI [ D=0,

RLIJKN ’

AT eI 08)

rOh.Al(lh BdBL[A PARAHcTcRS OUT OF RANGE)
RETURN

END

FUNCFION GANMA(GP)

REAL G(22)

‘DATA G/1.,.9735,.795135,.93324,.91817,

« 9064 ,.89747,.8%115,.83725,.388565,
88623,.88587,.69352,.903812,.92864,
.9|906,.93|3b,.9436|..96177..97983.|..| o/
II=16

JJ=16

ERROi=2,

SUu=1,

IF(GP-57.4) 13,123,280

IF{GP=i.03E-23) 23,308,310

ARITEC(II 42

FORMAT ( 11~ ,28HGAMMA PARAM=TER OUT OF RANGE)
ERKOI?"C RR\)H*' .

RETUKN

SUN=SUM* (GP-1.)

GP=GP-1

=G0 1O 39
"1+(GP-1.) 7¢,89,83

SUM=SU4 /6P

GP=GP+1.

I=(GP-1.)7.05¢1.

XI=1-1

GPL=1.+X1*.25

GAMFN=G (1 )+(G(I41)~G(1))*(GP-GPL)/ .05
GAMMA=GANENI*SUN .
RETURN

END
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el ’ :
25 ] ' ‘ X
L | 1
25319 IF(GP-57.4) 43,40,50
00423 49 CI=GAYMA(GP)
204 39 GP=A+1,
dui by C2=GALA(GP)
Pe458 . C3=CI/C2 . {
22460 Gh=3+1. :
Patlo ’ CA=GANMNA(GP)
é - Jz432 - C=C3/C4
| 22490 T2 XEM=XNN42,
; 36560 D 86 1=2,3
£R5 19 FTCI) =T (1) *%xA* (1, =T (1)) **3
26520 T(I+1)=T(1)45P s
20530 32 CONTINUE . : —_—
0e>48 T(2)=1(4) ' ' ‘
20559 XSUM=FT (1)+4.*FT(2)+FT(3)
20560 FT(1)=FT(3) .
02570 XINT EG=XINTEG+XSUM
20580 IF (XMM~INTEG) 72,990,932
0598 92 AA=P-Cx5P/3 ,*XINT EG
Di6 € IF(ABS(AA)-.€231) 122,1€8,112
22519 112 ISLAA®AAS) 123,130,134
W62¢ 132 IF(AA) 140,142,152
2652 142 AAT=AA
20649 Gr1=8
2052 GO TO 169
20669 152 AA2=AA ;
2261% GP2=8 , :
pe68e 162 GO TO (172,182),JJ1 : $
20690 122 JI=2" _ i
22760 GO TO 130 ' :
perie 170 " B=W :
w720 TN=hE2,
207 39 GO TO 19¢
14 162 B=(AA2*GF 1- AA1%G2)/ (AA2-AAL)
20759 192 AAS=PA
. 90769 GO TO 32
} 20179 102 IF(PP-NMIDD) 200,200, 2lz
| 20180 224 GO TO 220
s 20792 210 3B =B
| 20623 B=A
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[, R 1]
WJI29
20650
eredd
b J 4T e Yo
e
2
P22
oS Y2
Ocled
2119
20120
20132
20149
peisa
Peioe
¢
N8I
221%9
25202
@213
28229
6232
w24y
@2 54
20263
20213
J6289
202%2
S RY P
s51¢
IS0
20339
23349
352
pei3op
2312
priss
Le3vp

85408

13
29

34

43

19

32

" REAL LM

Ve

Ir=16

JJ=106

WRITECIT19)

FORMAT ( 1H= , 20AESTINATES OF L, HM,P7)
READ(JJ,2@) L,d,M,P

FORMAT (4F)

CALL BETA(L,H.N ,P,A,B)

WRITE(ID,30) A,B,L,H
FORMAT ( |H- ,SHALPHA 1S ,r8.2/10H BETA IS ,F8.2/
1I6H LO# IS +F8.2712H HIGH IS ,F8.2)
WRITE(I],42)

FORMAT ( 1h=)

END

SUBROUTINE BETA(L,H,M,P,A,B) ‘

REAL L WM INTES,NMODE,NMID,NMIDD ,FT(3),T(4)
11=16 . .
JJ=16 » ¢
INT EG=40. '

SLAKCH=2¢.

NMOLCE=(v=L)/ (H-L)

NwI D=NOTe/2.

IF(P-NAIT) 10,10,22

pp=p

NMI TD=NMID

-'p'-" ' o"'P

NEID=1.,-NNID
NuODE=1,—N8OTE
SP=NMID/INTEG
MS=" I .

JJi=1
N=SEAKCHx* (1 .-NM0ODE)
8=0.
A=B#*N8ODLz (1. ~NMODE)
Xkh=2.

XiN[cG=2.

T(2)=5P -

FT(1) =2,

GP=A43+2.
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GRAPHICAL AIDS FOR SELECTING

THE UNCERTAINTY COEFFICIENT
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APPENDIX C

COMPUTER PROGRAM SPET
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Descrip iun

-éé: Program SPET is written in FORTRAN IV for use in con-
@ junction with a Univac 1108 computer in an interactive ‘
- time-sharing mode. It is designed to approximate the fre- ’

quency distribution of the sum of up to fifty independent
‘ beta or other random variables by means of Monte Carlo
, simulation. This is accomplished in the following manner:
J .
'1 (1) The user specifies the beta variables by entering
’ the lowest (L), most likely (M), and highest (H) value as
well as the uncertainty coefficient (U) of each variable.
i He specifies other variables by entering the lowest, most
! likely, and highest values, as well as the mean, variance,
- and cumulative density function (cdf) of each variable.
! He enters only those values of the cdf F(x) corresponding
tox=L + i(H - L)/10, i =1,...,10,

; (2) For all beta variables the computer:

(a) Computes beta parameters a and b from M and U :
by first converting U to V with equation [6] and then si- .
multaneously solving equations [3] and [4]. g

(b) Computes the discrete cdf, F(x), for x =
i/10, i = 1,...,10, using Subroutine DQG32.1l/

(3) Next the class intervals for the distribution of
the sum of the beta and other variables are computed.
Adding the L values and throughput (TPUT)E/ establishes
the lower limit of the range; adding the H values and TPUT
establishes the upper limit. The3;ange is then divided
into 15 intervals of equal width.=

(4) Four frequency distributions of the sum are gen-
erated. The first distribution results from the assump-
tion that the distributions making up the sum are statis-

Mttt it e srtiioth W, M s+

1/ DQG-32 uses the 32 point Gaussian quadrature method of s
integration. 1t 4is taken from Convolution 0§ Invense
Beta Distributions by a Sampling Technique [Belhesda,
W0: Mathemafaca, Inc. 1977).

2/ Throughput means constant, and is usually the cost of
| a subsystem that is khnown with centainty.

3/ The number of intearvals can be varied by assigning the
desined numben to KK in Line 11 of the main program.
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& C
tically independent. It is generated as follows:

(a) Obtain a random number lying between zero and
one from a uniform random number generator.

(b) Compare the generated number with the values
of the discrete cdf, F(x), for one of the variables and
note the interval [F(Xi),F(Xj)], Xj < X3, into which it
falls. : 7

(c) Find the x-value, xj < x < xj, corresponding
to the random number by means of linear interpolation.§

(d) Transform the x-value from its normalized
(0,1) value to its standard (L,H) value by means of the
transformation x* = L + (H - L)x. [Cl]

4/ An unduccessful attempt was made to find a machine-

~  independent random number generator for inclusion in
the program. Therefore, Program SPET requinres Zhe use
of a usern-supplied generator. Make the appropriate
changes 4in Line 150 of the main program to accommodate
Zhe genenatorn (it may be necessary to also change
Lines 68-69, 155, 158, 162, 175, 178, 182, 262, and

2IN_270
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5/ Sieps (b) and (c) can be ifLustrated for a normalized
random vaniable x as follows:

F(x)

©(1.0) Mmoo
F(0.8) fmm e e —

F(0.6) |----—~—-

Enter random
number here

F(0.4)

F(0.2)

e - - e - - -
P > o e o em o o -
P b G e o - - -

v

N
(-]
o
- -]
()
o

0

Read Corresponding
x-value here

N
o

T I v ¥ N
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(e) Repeat steps (a) -~ (d) for every variable.
(£) Compute the observation,

N

Xj = TPUT + Z x{

where N denotes the number of random varia-
bles.

(g) Find the class interval [see (3) above] in
which X4 occurs and register one occurrence in that inter-
val.

(h) Repeat steps (a) - (g) for j =1,...,M obser-
vations, where M = number of desired observations. When
step (h) is terminated, one has a frequency distribution
of the sum of independent random variables,

(5) The second distribution of the sum is generated
in the same way as the first except for step (e), which
should now read, "Repeat steps (b) - (d) for every varia-
ble." This means that the same random number is used to
obtain an observation on each component of the sum rather
than a new number as done when constructing the first dis-
tribution. The procedure ¢of using only cnc randem nunber
introduces a correlation among the component variables be-
cause when the value of one variable is known, it in turn
maps uniquely to the values of all other variables. This
correlation is positive because the cdfs are positive
monotonic functions.

(6) The third distribution is simply the uniform dis-
tribution over the range of the first distribution. Both
the second and third distributions serve as indicators of
how a violation of the independence assumption could af-
fect the distribution of the sum and the summary statis-
tics.

(7) The fourth distribution is the same as the first
distribution except the component variables are all uni-
form random variables. This distribution serves as an in-
dicator of the relative sensitivity of the distribution of
the sum to the degree of uncertainty in the component var-
iables.

(8) Along with the four frequency distributions just

described, the computer generates the mean, mode, standard
deviation, variance, 90% confidence interval about the

Cc~-3
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mean, and the probability of exceeding the mean for each

of the distributions. In addition, the user can specify

any confidence interval about the mean and the probability

of exceeding any number within the range of the distribu-

tion and the computer will generate it for him. ’

User Instructions

The following example illustrates the use of Program SPET:

1SPET ‘ }"\

\
TITLE . )
SeEXAYPLEs e ' \
v ] O ot TA UISTRIVJITIONS l

Y

L}
DATA FILE(]) OR TERMINAL(2) IMNPUT

2
LORESTIMONE s HIGHEST e UNCURTAINTY COEFF
DATA :
100¢250+900¢ .8

DATA

300+ 3500 390+.2

DATA

200+ 40006750,5

OATA

150033008009 .4

NUBER 0F OTHER DISTRIBUTIONS

1 .
LOAESTIMODE s HIGHEST e MEAN, VARTANCE s DISCRETE COF

«7000 +8000 +9000 1.0000

4

DATA

6007561000 750208:30.10420.30.81,50,60e71.80.9r1.0

THROUG WUl

35

NUMIER OF OJISERVA(IONS

2500 :

SECO RANDOM NUMSER GEMERATOR

87654321 -

EOE XAMPLE o2
INPUTS

OBSERVATIONS = 2000 !

SEED = 87654321

BETA VSLE LOWEST MODE HIGHEST U CCEFF NMODE ALPHA
H 100,90 250.0 900.0 «80 «19 3
2 300.0 350.0 390.0 «20 «56 39.6
3 200.0 400.0 675.0 «50 2 3.7
L} 150.0 330.0 800.0 U0 28 346

OTHER VHLE .
5 50.0 75.0 100.0

THROUG #UT 33,0 5.0

seSUNSee 835.0 2900.0

ONER YALE ' o coF
] 21000 «2000 «3000 «8000 +5000 +6000

Cc~-4
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o \
K » l
N 1
]
1
i
T
i
o
\ ,
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|
;
I
e v
g —
3
. H
BETA VEAN VARIANCE :
1.
1.1 396.% 33806.0 i
3.6 3u9.9 27.0 t
5.3 406.9 3697 .4 i
9.4 349,3 5614.6 ‘
E ) :
75,0 208.3 ;
35.0 f
1632.5 A4353.2 f
- N 1
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!

INTERVAL RANGE
) 835.0 - 972,7
2 972,77 - 31110,3
3 1310.3 - 1248,0
[ 12u8,0 - 1385,7
5 1305.7 - 152340
6 1523.3 - 1601,0
? 1601.0 - 1798.7
8 1798.7 - 1936,3
9 1936,) ~ 2074,0
10 2074.0 - 2°11.7
11 271047 - 23u9,3
12 23u9,3 ~ 2uB87,0
1 24A7.0 - 2624,7
" 26247 - 2762.3
15 2762.3 - 2900,0

SeMNEANS S

seMODES ¢

SAIVARJANCE o ¢

#4STO DEVIATION®e

#490% CONFIDELCE INTERVAL®»

INDEPCHOENT BETA/OTHER

oUTPUT

DEPUNDENT BETA/ZOTHER

*¢PROS EXCEEN MEAN®e

:lsIOTDER CONF INENCE INTERVAL?
€¢95% CONFIDENCE INTERVALe®

ANOTHER COHF JDENCE INTERVAL?
0

PROB CYCEED SOME VALUE?

1450
2oPROB EXCEED 1850, 0% ¢

:uon EXCEED SOME VALUE?

°M)OI VIOWAL ODSERVATIONS?

ANOTHCR SELD?
[

srTom
SRU'SI1IN.T

POF COF POF COF
0. 0. 0110 ,0110
.0010 L0010 «O545 L0655
0240 0250 «J0ND L1695
«1140 3390 o3245 2940
2270 LJ6H0 «335%° L4295
«2360 6020 «1365 5600
1945 7965 +13170 6830
<1240 <9205 «1115 L7945
J0600% U80S JORTH L BUZO
« 0185 ,Qu40 20540 ,9360
+0N10 1.05C JOIUS  L,9Tu5
0. 1.0000 0175 .9920
0. ’ 1.007) 20065 915
0. 1.0000 .0035 1.0000
0. 1.0000 0. 1.0000
16155 1621.1
1592.2 1592.2
448637 120488,0
T 211.8 358.5
130720 1124.8¢
20%0,2 2364,7
88 a7
127700 1071.2
2218.5 2900.0 .
75 o8

TOTAL UNIFORM

POF COF
0667 0667
«00N7T 1353
206067 «2000
« 06067 « 2667
«06h7 «3533
«00n7 «4000
« 00617 86067
« 00607 «5333
«06A7 «60U0
« 0607 6007
067 o T333
« 06067 8000
<067 <8667
+« 0607 09323
.0667 1.0000

1867.5

355352.1

© 596.1
928430

2794 . R
«50
886.0»

28484
.70

THOEPENDERT UNIFO3

POF COF
+00310 «0010
«0025 »003%
0215 0250
« 0435 + 0645
«0805 <1690
3140 +26)C
+1570 4205
3615 . D820
«1525 e 7345
<1070 8215
«0495 <9310
0415 «9725
.0210 9335
<0260 «92'5
<0305 1.0307

1869.2

1867.5

103015.0

321.0
1237.5»

2u23,?
»50
1258.3¢

2528.7
«89

T Al
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(1) The user enters a title up to 60 characters long.

(2) If he is using beta distributions to represent
some or all of his component distributions, the user en-
ters the number of distributions to be so represented and
proceeds to step (a) below. However, if he is not using
the beta, he enters the number "0" and proceeds to step

(3).

(a) The user specifies whether he will enter the
four-tuples L, M, H, U defining each beta variable direct-
ly from the terminal or from a data file stored in the
computer by entering the number "1" for data file input or
the number "2" for terminal input.

. (b) If he chooses the terminal input, his next
step is to enter one four-tuple L, M, H, U for each beta
variable. 1If he chooses the data file input, he merely
enters the name of the data file.

(3) If he is using distributions other than the beta
to rcpresent some or all of his component distributions,
the user enters the number of distributions to be so rep-
resented, followed by the L, M, H, mean, variance, and the
discrete cdf (see page C-1) of the distributions he has
chosen. If he is not using other distributions, he enters
ithe number "07,

(4) If there is a throughput (constant), the user en-
ters it now.

(5) He then enters the number of observations (sample
size) he desires, followed by a seed for the random number
generator.

(6) The computer prints the user's inputs, followed
by the output.

(7) The computer then queries the user if he desires
another. confidence interval. The user responds with the
confidence interval he desires, or types the number "0" if
he desires none.

(8) The computer asks the user if he desires the
probability that some value within the range of the dis-
tribution will be exceeded. The user responds with that
number, or the number "0" if he desires none.

(9) The computer inquires to see if the user desires
additional observations. The user responds with the num-
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ber of additional observations he desires (the number "0O"
if none). If he desires additional observations, the com-
puter repeats steps (6) - (9).

~--  (10) The computer asks the user if he desires to use
another seed for the random number generator. The user
responds with the seed if he does, or with the number "0"
if he does not. If he enters another seed, the computer
repeats steps (6) - (10). = -

Cc-7
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e d- Program Listing .
Ry
Pt
u;:l } DOULE PRECISION A(S0)+H(50) s XL o XUs Yo ALPHAIBETA
) 2 REAL L{50)+M(50) ¢MODE (50) s MMISN) s U501 »C (5D) ¢ MEAN(S0) ¢ VAR(50)
3 REAL TITLE(12)sVALINT(10,50)sW(51)sPL1E15)eP2(15)sP3(15)ePu(15) )
s REAL C1€15)4C2(15)¢C301%5)4sCH{15)
5 REAL MOOE 1 + MEAN] » MODE 2 ¢ MEAN2 s MEANS s MODE 4 s MEANG s MSUMs L1 ¢ L2+ L3r LG
6 REAL NAWME tu)
i 7 INTEGER F1(15)¢F2115) oFut15)
H 8 DATA NAME/YIEGQUY s *ATE *9*3  %9* L7
4l 9 11=6 J
o 1Q JU=5
. 11 KK=15
12 %
13 % INPUT
U 3
15 VRITE(L]+5)
16 5 FORMAT(//6H TITLE}
. . 17 READ(JJs 7) TITLE
© 18 7 FORMAT{1544)
i 19 WRITE(11,10) ) .
20 - 10 FORMAT(1H ,28HNUMBER OF BETA DISTRIBUTIONS)
21 READtJJev) NI
22 IF(N1.EG.0) GO TO 60
23 WRITE(1I,11)
: 24 11 FORMAT(1H +37HDATA FILE(1) OR TERMINAL(2} INPUT)
! 5 25 READ(JJes) INPUT
Loy 26 IFLINPUT EQ.2) GO TO 16 ‘
! 27 wPITELI] 13
| 28 13 FORMAT{IM ,17HNAME OF DATA FILE) :
: i 29 READ(JJ» 14) NAME (4)
: 30 14 FORMAT(4U)
1 31 CALL OBEY(NAME,u)
32 DO 15 I=1.11
{ 33 READ(3,%) LI(1)sMODEIT) HI1),UL]) -
{ 34 15 CONTINUE )
35 GO TO 60 ’
p ! 2% 30 CORTINGE
, 37 WRITE(I1,30)
1 38 *30 FORMATULIH s 37HLOWEST»MODE»HIGHEST ULCERTAINTY COEFF)
b 39 DO 40 I=1.N1
([ (1 WRITEC(I1,50)
. al 50 FORMAT(IH 4HOATA)Y
[ 6“2 READ(JJes) LI)oMODELT) eH(T) 1 ULID .
A 43 40 CONTINUE :
' ™ 60 CONTINUE ;
45 WRITE(11,70) ;
46 70 FORVAT(1H +29HNUMBER OF OTHER DISTRIBUTIONS) P
47 READ(JJe#) N2 2
8 IF tH2,EQ.0) GO TO 78 o
a9 NONE=N141 . :
S0 NTHO=1] N2 . ) !
51 WRITE(T]475) .
52 75 FORMAT(IM +46HLOWEST,MODE »HIGHEST ¢MEAN, VARIANCE +DISCRETE COF) :
53 DO 76 1=HOME+NTWO £
54 WRITE(I1:,50) i
1) READ(JJss) L{T)oMODE (1) oH(T)»MEANCT) ¢ VAR(I) 0o (VALINT(Je 1) 1JS1010) 3
. 56 @ Ta LUNTINUE s
57 GO 10 79 $
56 78 CONTINUE M
59 NTWO=N1
60 79 WRITC(11.72)
(3] 72 FORMAT (1M 1 0HTHROUGHPUT)
62 READ(JJes) TPUT .
63 WRITEC(11¢77)
- (1) 77 FORMAT(IH +22HNUMDER OF ORSERVATIONS)
65 READ(JJes) M !
4 66 WRITE(L11.80)
: 67 80 FORMATIIH ,2B8MSEED RANDOM NUMRER GENERATOR) i
68 READ(JJe 1 KSD |
: 69 KS02=KSD :
LT 70 IFIN1,EQ.0) GO TO 105
. 7 » 1
oot 72 % COMPUYE A AND B8 1
i3 ]
00 85 1z=3.N1
Nz=Q
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NMETIZ(MODE(I) =L(I) I Z(HITI=L (L))

V(. 281675084U(1) 1002, -

8c11=1,0

86 ACIISHIT)I#NMITIZ (1 ,~NM(S)) B . .
VHETAS((A(D) 4100 BIDI41) /700 ALTI4BITI)I42,)002,)¢tALT)4B(1)43,)) ’
2=v-VBETA

IF{N.EO.1) GO TO 87

IFL(2) 3+85,1

87 IF(2Z) 4,85,85

3 8t11=0(Iel, .

GO 7O 86 .

1 B(h=B(I)-1,

N=1

GO0 TO 86

4 B(1Y=P(1)4,05

GO TO R6

85 CONTINUE

%

% COMPUTE DISCRETE COFS

' .

XL=0.D0

00 90 J=1.N2

XU=1.00

ALPHAZA (J)

BETAZBIJ)

CALL DGG32(XLsXUsrYsALPHABETA)
ctII=1.7v

XU=0.00

VALINT (1000} =1,

DO 102 I=1.9

XU=Xxu+,300

CALL DUuLG32{XL s XU» Yo ALPHABETA)
VALINT(I eD)=CLU)*Y

300 CONTINUE

90 CONTItIVE

%
® COMPUTE CLASS INTERVALS
&

105 CONTINUE
XLOWRTPUT
XHIGH=TPUT

00 110 I=3.NTWO
XLOW2 XLOvi+L (1)
XHIGH=XH1GH+HIT)
110 CONTINUE
RANGE = XHIGH~-XL.OW
WIDTH=RANGE /KK
w(3)=XLOW
WiKK+] )= XHIGH
00 120 1=2¢KK

W{IIzwtl-1)+wWIOTH ’ .
120 CONTINUE
]

% GENERATE HISTOGRAM
1

140 CONTINUE
TOTAL1=0.
TOTAY .20,
TOTALL=0,
suM1z0.
SUM2z0.

SUMU S0,
SUMSG1=0, . . }
SUMSQ220. ) . :
SUMSOL=0, N
MSTAR=M

DO 150 I=1sKK }
Fitl)izo i
F2(11=0 ,

Full)=o .

150 CONTINUE

160 CONTINUE

DO 1A0 K=1,MSTAR

00 190 J=1¢NTHO
RANDZUORNRT (XSO )
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151

192
153
154
155
156
157
158
159
160
16}

162
163
164
165
166
167
168
169
170
171

172
173
174
175
176
177
178
179
180
181

182
183
184
185
186
o
188
189
190
191

192
193
194
195
196
197
198
192
200
201

202
202
204
205
206
207
208
209
230
211

212
213
21s
2315
216
217
218
219
220

222

IFIJ.N6T. 1160 TN 195
DO 200 LL=3,1NTWO

D0 205 1z=1,10

M4z

IF(RAIIDLLE. VALINT(T4LLY) GO TO 210

205 CONTINUE .

210 IF(M1,EQ.1) GO TO 215
12=(NAND~VALIHY(M1-10LL))/(VALINT(MM-LL)—VALINT(MM-IoLL))
STiM=11/10, .-
SMALL2=,1¢T24S L .
GO T0 220

215 SMALL2=.1# (RAND/VALINTEIILL))

220 TOTAL2ZTUTAL24SMALL2s (HILL)~L ¢LLY)4L(LL)
200 CONTINUE

TOTAL2=TOTAL2+TRUT

SUM2=SUM24+TOTAL2

SUMSQ2=SYMSQR4 TOTAL2S ¢ 2,

COST2= (TOTAL 2~ XLO#Y /RANGE

J2ZCOST2eK“¢Y,

IF(U2.60.K741,) J2=KK

F2UJ2)2F21J2)4+1,

TOTAL2=0.

195 00 205 1=1,10

M1

IF(RANDLLE .VALINT(TIWJ) )} GO TO 227

225 CONTINGE

227 IF(M1L,EV.1) GO TO 231

229 TIS(RANIN=VALINTIM =1o D) 1IZ{VALINT (MAyJ)=VALINT(M =1,))
Sz=(v ~1)/710.

SMAL.1=.1%T[+5

GO 10 233

231 SMALLIZ 1+« (RAND/VALINT(1,J))

23% TOTALIZTOTALLI4S“ALL I (HIJI=LtJ))+L (D)
TOTALUZTOTALU+RANDS tHISI =L {J) ) +L 1Y)

190 CONTIINKE

TOTALIZTOTALY 4+ TPYT

TOTALYZTOTAL -+ T2UT

SUM1ZSU 4 TOTALL

SUMUSSUMus TOTALG

SUMSQISSUMSI1+ TOTAL 1 %42,
SUMSOUZSUISQU4 TOTAL L= ¢ 2,
COSTIS{TOAL)-XLO) /RANGE

J1=COSTl4x“41,

IFIUL.EQ.KA41) JI=KK

F1(J1)SFI U143,
COSTL=(TOTALU -XLON) /RANGE

JU=COSTusK<+1,

IF (U4 . EQ KM+ 1) JUumKK

IR IYRIITS W

ToTAaL1=0.

TOTALUZO0,

180 CONTINUE

»
% COMPUTE STATISTICS
*

1c=90

0 235 I1=1.Kx

PLIIIZFLOATIFILI) /M

P2IIIZFLOAT(F2(I)I/M

PUtIIZFLOAT(FLU(TI) /M

235 CONTIWUE

CALL STAT(SUMI +MeKX<rP1oWeSUMSQL ¢ MEAN] »MODE 1y VAR1+STOL)
CALL CI(MEAN] ¢ JIC/P1 KK Wo iy IDTHLLsUL)

CALL COF(PI+MEANL KR oWeCloPXL)

CALL STATISUM2/MiKK P2+ WsSUMSA2 s MEAN2 ¢ MODE2 VAR2 9 STD2)
CALL. CIIMEAN2,ICsP2iKKe W JIDTHL2,U2)

CALL. COF P2+ CAN2 K- e WsC2,PX2)

CALL STAT(SUMN s KK o Pl ¢ 12 SLMSQL s MEANUG s MODE U » VARG » STOG )
CALL CI(MEANU ¢ ICrPu oKk o We wINTHILU o)

CALL CDF (PUyMEANU o KK s WoClio PXU )

IF (N1 .EG.0) GO TO 252

DO 250 I=1.Ng
MEANIIISUOATT) eMEDI4ARLTISLITIAHIDIALITNI Z(ALTIISBIT)42,))

VAR(IISUIACI 43,00 (BTN 020 IHITI=LITDI 02,0070 CtALIIABITINI42.0802,)¢CALTIN*0(TI)3))

250 CONTINUE e St

c-10
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T 226

227
228
229
230
231
232
233
234
235
236
237
238
239
240
au3
242
243
244
245
2u6
247
248

‘249

250
251
252
253
254
255
256
257
258
259
260
261

-~
PRy

263

264 -

265
26h

' 267

268
269
270
271
272
73
274
275

€

292 CONTINUE
MSUM=TPUT
VSUM=0, .
DO 259 I=1+NTWO ) ’
MSUMSMSUM+MEANTT)
VSUM=VSUMHVAR(T)

25 CONTINUE

*
MEAN3Z { XHIGH+ XLOWY /72,
VAR3I=Z(1./712.)4RAHIGE*4+2, '
STO3=SORT(VAR3)

UNI=1. /KK

DO 290 I=1,KK

PILTIZUNT

290 CONTIHUE

CALL CI(MEANISIC+PI oK Wy vIDTHILIU3)
CALL CDF(P3sMEANI KXo WoC39PX3)

1

% PRINT IHPUT

%

WRITELIT1,295)

295 FORMATI(IH )

WRITE(YI!,300)

300 FORMAT(/)

WRITE(IT 310}

310 FORMAT(//)

WRITE(11,320)

320 FORMAT (/7771

WRITE(11.,320) TITLE

330 FORMAT(IH +55Xe15A4)
WRITE(1I,320)
VIRITEC(TIT¢335)
335 FORMAT (Lt
WRITE(1{.320)
WRITE(II +390) ™

390 FORMAT(IH #315H0ASERVATIONS =
WRITCi11 5850 #3522

400 FORMATI(IH #71SEED =
WRITE(11+310)
WRITE(T].340)

340 FORMAT(IH +9H3ETA VALE »7Xs GHLOWEST 16X+ UHMODE » 54X 9 THHIGHEST + &

S5XsTHU COEFF o SXo SHNVONE ¢ 5X ¢+ SHALPHA + 6 X UHBETA ¢ 7X e 4HMEAN 2 SX e BHVARTANCE)

WRITE (119295}

IF(N1,EG.0) GO TO 351

WRITEC(TI¢350) (1oL (I)sMODELT) e HITYsULIIoNMIT)eACIN9BIT)MEANLT}VARIT)I=Z1o 01D
350 FORMAT(IH +3XeT120BXsF9,1 s IXeFU103XeF O 106XeFU20TXFU,20%

EXsFS.105XeFS. 1e2XeF9.10iXeF12.1) '

1IF(N2.EQ,0) GO TO 352

WRITECITI.30M)
351 CONTINUE
WRITE(IT.353)
353 FORMAT(1IH
WRITE(I1+354)
A54 FORMAT(IN
352 CONTINUE
WRITTE (ST e205)
WRITE(I1,35%)
350 FORMAT (1M
WRITE(I1,300)
WRITE(I1 o3G0 XLOWe XHIGH e MSUM» VSUM

A60 FORMAT(IH o8BresSUMSE+sSXiFT,1013XeFF,300uXeFP,1e3XeF10,1) .
IFIN2.EQ.0) GO TO 410 . '
WRITELIT.300)

WRITE(1]:320)

WRITE(I1,370)

370 FORMAT(1IH +10HOTHER VRLE» 50X ¢3MHCOF)
WRITE(I1.300)

WRITE(IT+3R0) (T (VALINT(Je1)sJZ]s10) ¢ ISNONENTWO)
380 FORMATIIN +3Xe12:20X010(F6.4e3X))
WRITE(11+320)

eD5SXe1IHI WP U T S)

» I5)

«S5Xe18)

s 1040THER VBLE)
(IoL (1) eMODECT) o HEY) o MEANHITI) o VAR(T) ¢ IRNOHE ¢ NTWO)
e IXeT2v8XoFFelo1XeFI,1e3XeFA,1o0uXeFTa1r1XeFI12.1)

TPUT TPUT TPUT
¢ 10HTHROUGHPUT s 3XsF9.1013XeF9.114UXeFQ,1)

i

*
% PRINT OUTPUT

x .
410 CONTINUE C
WRITE(1]320) o A .
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R

301

302

303
S04
305
306
307
oA
309
310
18]
312
313
318
315
d16
317
318
319
320
321
322
323
324
325
326
327
328
329
330
331
332
333
334
335
336

“ay
-

338
339
340
Ju1
342
Jud
3u4
345

WRITEt 1,400

490 FORMATIIM »59%1IHO U TP U T)

WRITE(]1.320)

WRITE(LL%0M) :
500 FORMAT(IH ¢BHINTERVAL ¢ 10X e SHRANGE ¢ X o 2PHINDEPENDENT BETAZOTHCH» 3Xe & ’
20HDEPLHDENT BETA/OTHER 3Xe 1 3HTOTAL UHIFORMs 6Xs 19HINDEPENDENT UNIFORM)

WRITEI11,29%)

WRITE(T].50")

505 FORAAT(1H o36Xa3HPDF'uX.3HCOFolZXoSHPQFouXvBHCDF-10XoI

3HPOF ¢ 4 X ¢ SHCDF ¢ 12X+ 3HPDF s 4 X s IHCOF ) « .

WRITE(}1+300)

WRITE(IT+510) (LowWtIdow(I+1)sPICI)eCICI)eP2(I)oC2(T)eP3I(I)eCI(INPULI)sCU{T)rIZ2eKK)
510 FORMATIIH +2XoI21uXoF D1 03H = sFQ,105XeF6.401X0F0O 8 e9XKIFOUeIXIFH UITX9 ¥
FOLLUI2XFA U BXIFE,812XsFOHU)

WRITE(I1,310})

WRITE(I1,520) MEAN] sMEAII2 » AEANI s MEATIY

520 FORVATU(IN s AHsMEANT v 027 X0F T, 10 13XsF 3,1 12XeFF,1413XeF9,1)

WRITE{T1+530) MODE) «MONE2 s MONEN

D3 FORAATIANH 2R 2 +MODE« - 027X o7 .10 13XeF9.3+3uXsF9,. 1)

WRITEC(I1+540) VAR1»VARZ s VAR Yy VARY

5S40 FORAATIIH »12H8+ VARIAICE ¢+ 420X F12.1¢10XsF12.1¢9X0F12.1010XsF12,1)

YRITE(LI,585) STD1+STN2,STDISTDG

545 FORMATIIH »17H#«STD DEVIATIONS4017XsF10.1012XsF10.3011XeF30.3012XeF10,1)
WRITE (I (,235)

620 CONTINLIUE

WRITE(IT¢550) ICeL1sL2,L3/LUsUI2,U30 U0

500 FORMAT(IHM +2Hes 0 12,23H% CONFIDCHICF INTERVAL®S AXFQ.1+1Hs 0 12X/FQ, l THs oS
11XoFTuloitte 1 212XsF0.1 01 He/36XeF9,1013XeFF.1012XsFT3e33%XsF9,1)

IFUIC.NE.90) GO TO 570

WRITE(11,295) .
YRITE(IT1+550) OX1,PX2.PX3sPXU

560 FORMATIIH »20H*+PROB EXCEED MEANS 322X eF3,2¢19%XsF3.21318XeF3.2019X+F3.2)
WRITE(T1.307)

570 CONTINIUE

WRITE(TT,310)

WrITE(LLehOU)

60" FORVATIN L JOHANSTHER CONFIDENTD INTORVAL?Y

READ(JJr#) IC

IFLIC.ES.0) GO TO A10 s
CALL CI(VEANLsICsPIvK<,ovoviIDTHILL U}

CALL CIIMEAN2,ICsP2 oK~ o ws IDNTHIL2+U2)

CALL CI(MEAN3 e ICoP3+KK o to JIOTHoL30UID

CALL CI{MEANUICIPU K ovie JIDTHILUsUL)

GO TO 620

610 CONTINUE

WRITE(Y(,.310)

WRITE(IT.6272)

622 FORMAT(IH »23HPROB EXCEED SOME VALUE?) .
READ(J.Jew) 2 R
IF12.€Q0,0.) GO TO 623 :

CALL COF(Plo2eKKeWeCl,PX]1)

CALL CDF (P2+12+KKoWeC24PX2) *
CALL CDFIPDyZerKyWeC3,PXI) -
CALL CDF(PU+2sXKoWsCl,PXU) . :
WRITE(I1,626) 2,PX1:PX2:PX3¢PXG :
626 FORMAT(IH +13HsPROI EXCEEDIFI10.102He8,17XsF3. 2019XoF3.2918X.F3 20¢19XF3,2) N
GO TO 630

623 CONTINUE

WRITE(Y1,310)

WRITE(T1,630)

630 FORMAT(IM +2u4HADI{ I TIONAL OGSERVATIONS?)
READ(JJss) MSTAR

IF(MSTAR,EQ.0) GO TO 640

MEMIMSTAR

GO 10 160

640 CONTINUE

WRITE(I1.310)

WRITE(YIT+650)

650 FORMAT (1M +13HANOTHER SEED?)

READ(JJse) KSO

IF(KSD.EV.0) STOP

KSD2:=xSD .
WRITE (s 77) . : r
READ(JJos) M . . : .

60 T0 140
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S 1 SUBROUTINE CI(MEANs ICoPeKKsWowIDTHe LBU UED)
2 REAL W(1)eMEANJP(1)sLwT1sLPROB)LBD,LWT2 -
3 DO 250 1=2skK
S 9 J=3 .
5 IF(W(1) .GE.MEAN) GO TO 260
6 250 CONTINUE
7 260 M4=0
8 CONZ.5¢(1C/100,)
) 9 LWL (MEAN=W{J=1) )/ (WD) =W{J=1))
' . 10 270 LPROBZLWT1#P(J-1)
r o 11 K=y
o 12 | JIF(LPROB.GE.CON) GO TO 290 -
o 13 J1=0-1
i 14 DO 280 I=2sJ1
15 K=1
16 LPROB=LPROB+P tU=1)
' 17 1F (LPROBLGE.CON) GO To 290
' ' 18 280 CONTINUE B
‘ 19 CON=2 . «CON-LPROB “
; 20 LHD=w(1) o
21 60 T0 300 o
22 290 LWT2=(LPROB=CON)ZP(J-K) :
23 LBD=W(JU=K)+LwT2+WwIDTH B
24 1IF (M*,EQ.1) GO TO 3 0 .
25 % ;
26 300 RWT1=1l.-LWTL -
27 RPROBZRW7T14P(J=1) N
26 L=
29 IF {(RPROB.GE.CON) GO 10 320
30 J23KK=J+2
3n DO 310 1=2,J2
, 32 LU=l
; 33 RPROBZRPROB4P (4 I=2)
- 3 IF (RPROR,GE.CON) GO TO 320
- 35 310 CONTINUE
36 CON=2 ., *CON~RPROB
37 UBU=w(KK+1)
36 MM=1
39 GO TO 270 :
40 320 RWT2= (RPROB-CON) /P (J4LL-2) <
43 UBD=W{(J+LL~1}-RWT24V]IDTH
s 82 330 RETURN -
1 SUBROUTINE COF (Py 2+ KK WrCsPROBX) .
L 2 REAL PU1)ow(llsC(L) :
3 C(1)=P(1) bt
: 4 00 10 Iz2¢Ki 3
; 5 CLII=C(1=-114P(]) :
L. 6 . 10 CONTINUE H
L 7 NSKK+1 <
- 8 00 20 1=2/N >
. 9 Js1 »
! 10 IF(W(11.6T.2) GO TO 30 :
' 11 20 CONTINUE
i 12 30 AS(Z-WIJ=1) )1/ (W{JI~wld~1))
oo 13 PROBXZ(1,=A)sP(J=1)
15 00 40 I=JskK &
15 PROBX=PROBX+P (1)
) 16 40 CONTINUE
17 RE TURN
- "7... ’ g
»
a»
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SUBROUTINE DGG32 (XL XUr Ys ALPHA,BETA}

DOUBLE PRECISIONH XLeXUrYsAeoCrFCTs ALPHAYBETA
FCTIX) =X «ALPHAR (1., ~X)*+BETA

A=.5D0=% ( XL+ XU)

B8=XU=-XL

C=.4986319309247407800+0
¥=(.350930500473504830-218 (FCT(A+CI4FCT(A=C))
S.4928057H T/263417U0%8
YoY4{813719736565283%0-2) % (FCTLA+CI4+FCT(A=C))
C=.4823811277937532200%
YSY4(,126960326546310300=1)8(FCT{A4C) +FCT(A=C))
CZ u67453037968c093400%8
Y=Y4(.171369314565107170-1)%(FCT(A®C)+FCT(A-C))
= .448160577823025060D0%8

Y=Y4 (216179490111 33400-1)&(FCT(A+CI+FCT(A-C))
C=.42468380686c2849 DO*8

Y=Yel.254G 02963113 37-0=1)2(FCT(A+CI+FCT(A=C))
C=e397261897¢8357120D0l
YZY4(293420667392677740-1) % (FCT(A4CI+FCT(A=C)
Te36L0910593701458400sY
YoY+(e3291111:368¢1%09230-1)%(FCT(A+C)+FCT(A=C))
C=e33152213246%10700008

Y=Y+, 361728970546 -2u253D=-1 )% (FCT{A+CI+FCT(A=C))
C=.2938578786203811600+8

Y=Y+ (. 39096947893535153C=1 )8 (FCT(A+C+FCTLA=C))
C=e2534.9°54466 11470008

YEY4 (216559621136 733780=1)8(FCT(A+CI+FCTIA=C))

C=¢21067547-00E33267D0 el

Y=Y+ (,43826046502201900D0-1)«(FCT(A+CI+FCT(A~C))
$=,16593430114106382D0#8 .

YSY4 14528693920 78419620=1)12(FCT(A4CI+FCT(A=C))

€=.1196436811260585400%B
YSY4{.46922197°540402283D=1 )% (FCTIA+CI+FCT(A-C))
Te7223598C79139325D-1*8
YSY4(.47819360.139637430D=21)%(FCT(A+C)+FCY(A=C):
S.241538328438691580-1+8

V=B (Y+(,482700442573639000-1)# (FCT{A+C)+FCT(A=C)))

RETURN

END

SUBROUTINE STAT(SUMsMrKKsPewWe SUMSQe MEAN,MODE» VAR STD)
REAL MEAN/MODE«P(1)owW(1)
MEAN=SUM/M

MODE=0.

DO 10 1=1ekK

IF(P(]1).GT.MODE) MODE=P(1)
IF(P(IV.EQ.MODE) IMODE=]

10 CONTINUE

MODE=.Se (W(IMODE) +w( IMODE+1))
VARZ (SUMSG=MsMEANS®2, )/ (M=)
STD=SORT{VAR)

RETURN
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Optimal Sample Size

In most sampling procedures the larger the sample the
closer the sample distribution approximates the true dis-
tribution. But larger samples are more expensive to gen-
erate than smaller ones. The simple experiments described
below represent an attempt to determine an optimal sample
size for Program SPET -- the smallest sample size that
will ensure "reasonable" accuracy in the sampling proce-
dure.

A statistic called the K statistic in this study is
used in the search for the optimal sample size. It is de-
fined as '

N 2
}\=£ (Oi"ei)

the number of class intervals

£
=2
¢
2l
o
=
i

o; = the number of observations occurring in the
ith interval *+ M.

- - b £ - el ;e
M = :the total numbcer of cbhscrvations

the number of observations expected in the

ith interval (given that the process gener-
ating the observations is following a par-

ticular statistical distribution) 3 M.

1]
[
It

The K g+atistic is the sum of squared deviations of the

observed probabilities from the expected probabilities of

each class interval. As the size of a randomly drawn sam-

ple is increased, the K statistic decreases in value until
lim K = 0,

M+ e

The first experiment consists of using five randomly
selected seeds with the uniform random number generator
used by Program SPET to generate five sequences of K sta-
tistics. Each sequence contains a K statistic for sample
sizes 500, 1000, 2000, ..., 10000. These K statistics are
plotted in Figure C-1 on page C-16. Note how the se-
quences converge at sample size 6000. It appears that
this might be the optimal sample size. Can one expect a
sample size of 6000 to ensure "reasonable"™ accuracy in the
sampling procedure?
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FlURE C-1
FIVE SEQUENCES OF K STATISTICS AS A FUNCTION OF SAMPLE SIZE
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The accuracy of the Monte Carlo sampling procedure
used in Program SPET, for purposes of this inquiry, is
measured in terms of the percent deviation of certain sta-
tistics from their true values. The second experiment is
an attempt to measure the accuracy of Program SPET for
various sample sizes. It consists of using the same five
seeds selected in the first experiment to draw five se-
quences of samples from a uniform distribution. Each se-
quence contains samples of size 500, 1000, 2000, 3000,
6000, and 9000. The mean and the lower and upper confi-
dence limits of the 90% confidence interval are noted from
the output of Program SPET and the percent deviation of
these statistics from their population values is computed.
Then the maximum of the absolute value of the deviations
is selected for each statistic in every sample size and
plotted in Figure C-2 on page C-18., Note that the rate of
decrease in the error (maximum percent deviation) of these
statistics is rapid in the range of the sample sizes 500
to 2000, slowing somewhat after sample size 2000.

Consider the error in sample size 2000. Would the
expectation of a deviation of at most .21 percent in the
mean and 2.44 and 1.8l percent in the lower and upper lim-
its of the confidence interval respectively, be "reason-
able?" The authors would answer affirmatively. Reason-
ableness is subjective. It is felt that the accuracy of
sample size 6000 is not enough better than that of sample
size 2000 to warrant incurring the increased cost of gen-
erating an additional 4000 observations.

Much greater confidence could be placed in these ten-
tative observations if, instead of five sequences, 30, 40
or more sequences had been generated.ﬁ! But even the re-~
sults of the five sequences permit a more confident choi.e
of sample size than no experimentation at all.

4/ Along with a greatler number of sequences one might
have repeated expeniment two using one or two nrepre-
dentative beta distrnibutions in addition to Zhe uni-
gorm distribution used above.
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MAXIMUM PERCENT DEVIATION (ERROR) OF CERTAIN STATISTICS
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